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MOTION OF A VISCOPLASTIC LIQUID IN A POROUS INHOMOGENEOUS MEDIUM 
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ABSTRACT: Equations of motion are derived for a Viscoplastic liquid 
in a nonuniform medium of type 2 (piecewise Uniform) or type 3 (with 
a variable filtration coefficient) [ l j  on the assumption that the motion 
is of steady-state type. Solutions are presented for a parallel flow and 
a flow with axial symmetry.  

The motion of a viscoplastic liquid in a porous homogeneous 
medium has already been considered [1], and it has been shown 
that the flow rate under engineering structures is finite for a porous 
medium of infinite size. Equations have been deduced [27 for the 
motion of a viscoplastic liquid in an inhomogeneous medium, and 
the conclusions of [1] have been confirmed by experiment [3]. 

Here I consider the steady-state motion of an incompressible 
viscoplastic liquid in an inhomogeneous medium of type 2 or type 
3. It is assumed that there are no stagnant zones in the flow region. 
Examples are given of this type of motion. 

1. The basic equation extending D'Arcy's law to a viscoplastic 
fluid is [1] 

K* ) g r a d H ,  H= p~Z. (I.i) v ~ - - k ( l  I g radH!  

Here z is the vertical coordinate. We assume that everywhere in 
the porous medium ]grad HI > K~ 

The inhomogeneity of a porous medium is reflected in the fil-  
tration coefficient k, whereas here the inhomogeneity is character- 
ized also by variation in the initial gradient K*. Hence there can be 
more complicated cases of inhomogeneous media here.  

2. Consider a medium of type 2, i . e . ,  piecewise homogeneous.  
Here the region filled by the porous medium may be divided into 
n subregions Dj (j = 1 . . . . .  n), in each of which k and K* are con- 
stant. 

All quantities in region Dj are written with subscript j; then in 
any region divvj  = 0, and then, from (1.1), 

o r  

Ki* ) AHj -F 
t t g radHj l  

Kj* grad Hi.grad I grad Hj p 
+ 2 l g r a d H j l  a - - -  = 0 i n D j ,  (2.1) 

K j *  ( A H j - -  g r a d H j ' g r a d i g r a d H j t 2  ) i nDj .  (2.2) 
A H j =  lg radHi[  2 1 g r a d H j p  

These relations coincide with (3.10) of [1]. 
Equations (2.1) must be solved with allowance for the conditions 

at the boundary of D and for the conditions at the boundary 8ij 
common to regions D i and Dj (i ~ j). The first condition requires 

that the pressure be continuous at Sij, 

H~ = H~ at S ip  (2.3) 

The second condition implies  continuity in the normal velocity 

at Sij, 

( 
k i \ 1 ~ I grad H i t - ~ -  ~ kj 

Conditions (2.3) and (2.4) must be used with the small-pertux- 
bation method,  where Hj is put in the form Hj0-[-Hj*, in which 
Hi0 corresponds to an inhomogeneous medium whose initial gradient 

is zero. 

if we assume that IHjl and Igrad H;[ are small  relative ~o IHjj 
and ]grad Hi01 respectively, then we can neglect terms of order 
Kj *n (n-> 2) in the conditions and 

OHi* OHj* 
Hi*  = t t j * ,  ki -N--n - -  kj - N - -  = 

OHio Kt* Ki* ) k i a t  (2.5) 
= ;  I g r a d H i o l -  IgradHiol ,  ~ 2~t" 

Function Hj satisfies equations readily deduced from (2.1). 
If k varies from point to point, the equations of continuity give 

K* - ) (grad k.grad H H- khH)  -F t I grad H [ 

+ k (K* grad I grad H p ,'~ grad H 
21 gradH I' . . . .  grad K ) ~ = o. (2.6) 

K* = 0 gives us an equation describing the motion of an ordinary 
viscous fluid in an inhomogeneous medium of type 3; we get 
(2.2) if k and K* are constant. 

If the inhomogeneity is of type 2 for k and of type 3 for K*, the 
medium may be said to be of type 2-3 ;  similarly, it is of type 
3 -2  if it is of type 3 for k and type 2 for K*. 

We now consider parallel motion and motion with axial symmetry 
in a horizontal plate.  

3. Let the x axis lie along the flow. We assume that the bound- 
aries Of the layer are x = 0 and x = L, and also that 

H (o) = -,7o > H (L) = H ~. 

a) Medium of type 2. Let x = l (0 < l < L) be the equation of the 
boundary between two different media;  then (1.1) may be written 

u j - - - - - - k j \  dx "4-Kj*] 

( / = t ,  O < ~ < l ;  / = 2 ,  l < z , ( Z )  (3.1) 

with 

dHj 
--~-x ~ K j *  (]'--~- l, 2). (3.2) 

The equation of continuity implies that d2Hj/dx 2 = 0, from 
which 

Hj = Ajx 4- Bj ,  (3.3) 

in which Aj and Bj are constants and - A j  > Kj*. The boundary 

coMitions for x = 0 and x = b give 

Ho = BI, 1t ~ = A2L -F B, .  (3.4) 

From the conditions at the interfaces we have 

Al l  + B x = A~I + B~, kt (Al + Kx*) = k2(Asq-K~*).  (3.5) 

Then we get  

ks (Ho - -  H ~ + (klKl * - -  k2K~ *) ( L - -  l) 
A1 == - -  - - k ~  ( L - -  l ) - k  k~l ,' 

kr (He - -  H ~ "t- (k2Kz * - -  k : g l  *) l 

H~ (k, - -  kx) "1- HoLkl -b (k~K~* - -  klK~*) lL 
Bx ----No, B~ "= kl (L - -  l) "I- kat 

(3.6) 
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W e p u t  U -1 = k l ( L -  l ) + k z l  to get  

/ / i  = - -  [k~ (Ho - -  H ~ + 

+ (kxKl* -- k2K2* ) (L ~ l)]U x + Ht ,  

H ~ =  [k x ( H  ~  H o ) ( z - -  l ) +  

+ (klK~* - -  ksK~*)l (x --L) + ksH*llU. ( 3 . 7 )  

The ve loc i ty  u is defined by 

u = fhks ,H~ - -  H~ - -  Ks* (L - -  t) - -  Ka*l (3,8) 
kl (L - -  t) + kd " " 

The pressure dis tr ibut ion in a homogeneous  med ium is not 
dependent  on the i n i t i a l  g rad ien t  and is governed by the flow speed. 

in the present case K(' and K~ are the result  of the pressure and ve loc i ty  
distributions,  

b) Medium of type 3. The equat ion of mot ion  is 

u = - - k ( - ~ z  + K* ) ( 0 ~ z < L ) ,  

and (2.6) is wri t ten as 

dK* ~ dH K* ~ dk 
k ( ~ +  ~x 1 + ( - - ~  - +  / - ~ = o .  

But k ~ 0, so we get  a second-order  equat ion with var iab le  coef-  
f ic ients ,  

d2H d l n k  dH d l n k  . dK* 
dx 2 -Jr- --dx dx + K* --~-~-- -t- ~ = O. (3.9) 

in the s imple  case where k = koe Ox, K* -- eonst ,  Eq. (3.9) 

becomes  

dZH dH 
dx'---f + C'-'d~ x "4- CK* = 0 .  (3.i0) 

The genera l  solution is wri t ten  as 

H = Ae -c::  - - K * x  + B .  

The boundary condit ions g ive  

H---- [(H o -  H ~ - -  K*L)e - c x  + 

q H ~ - -  Ho e - e L  + K'L]  (1 - -  e--eL) -1 - -  K*x.  (3.11) 

The ve loc i ty  in this case must  be 

u = k o C ( H ~  H~ K * ) ( t - - e - C L ) - ' .  (3.12) 

This expression is c l e a r l y  a lways  pos i t ive .  

The pressure and ve loc i ty  distr ibutions are  dependent  on K*. if the 

parameters  of the m e d i u m  m a y  be represented as l inear  functions,  

k = a -+- bx, K* = A* + B ' x ,  (3.13) 

Eq. (3.9) becomes  

d2H t dH A 2r- Bx 

in which 

0 ,  (3.14) 

= ab -1, A = A *  + aB*, B =  2B*. (3.15) 

The solution to this equa t ion  is sought as 

H =  M l n ( a +  x ) + N - - A  [ x - - a l n ( a +  z ) ] +  
+ I/2B [U~ ( 2 a x  - -  x~) - -  a s In (a  + z ) ]  . ( 3 . 1 6 )  

The boundary condit ions give us M and N as 

m 

= [ 2 ( H ~  

+ B [=~ In ( t  + L ] a) - -  aL  - -  i/~L*] ] �9 

�9 [ 2 1 n ( l + L / a ) ]  -l, 

__--_ ~ B 2 a - -  L 3 
N H a +  l n ( ~ T L / o o [ H  ~ H o - - A L +  L - - - -g - - - J ,  (3.17) 

and the ve loc i ty  is 

u = - -  (aA* + bM), (8.18) 

so the solution for the corresponding homogeneous med ium is found 

for B*-* 0 and b ~ 0. 
4. For mot ion  with cent ra l  symmetry  we denote  the boundaries 

of the porous med ium by r = r 0 and r = r ~ a t  which H takes the values  

H0 and H ~ respect ively;  we assume tha t  H0 > H ~ Let q be  the flow pet 
uni t  thickness.  

a) Medium of the second type .  Let r = R (r 0 < R < r ~ be the 

�9 equat ion  of the common boundary of the two med ia ,  whose f i l t ra t ion 
coeff ic ients  are respec t ive ly  k 1 and kz. Then the ve loc i ty  uj may  be 
wri t ten as 

: d H i  ~ i = i ,  r a < r < R  
uJ=--kJ~--~-r  + K ' J )  ( / ' = 2 ,  R < r < r ~  (4.1) 

The equat ion  of cont inui ty  is wri t ten  as 

2nru i = q, (4.2) 

in  which t and j have  the values  as in (4.1). 
From (4.2) we have  tha t  Hj sat isf ies 

Then 

dHj q 
dr - -  2~kjr Kj*. (4.3) 

q 
H j =  -- ~ Inr--Ki*r + Mj. 

If H0 and H ~ are g iven ,  we have  to de te rmine  the three constants 

Mr, Mz, and q, which m a y  be der ived from (2.3) with the boundary 

condit ions a t  r = r0 and r = r~ here  (2.4) is  obeyed a u t o m a t i c a l l y .  The 

equat ions  for the constants are 

q 
Ha 2~kx In ro - -  Kx*ro - -  Mx, 

j~r o = _ q 2ak~ In r ~ - -  K2*r ~ + M.z, 

q 
2nkl In R - -  Kx*R + M1 = 

q 
2: 'ks In R - -  Ke*R + Ms. 

The flow ra te  is g iven  by 

Ho - -  H ~ - -  KI* (R - -  ro) - -  K2* (r ~ - -  R) 
q ~ 2 ~  K~-I In (r ~ / R) - -  Kx -1 In (to / R) 

, ( 4 . 4 )  

which is always positive. For II l and H2 we have 

r 

H l = H o - - 2 - - ~ x l n - - ~ o  - - K l * ( r - - r o  ) ( r o < r < R ) ,  

q r 
H a = H  a - -  2 - ~ z  l n ~ - y  -t- K 2 * ( r ~  ( R < r < r ~  (4.5) 

in  which q is def ined by (4.4). 

b) Medium of the third type .  Here H satisfies 

dH q 
== K* dr 2~Xkr " 
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If k = k(r) and K* = K*(r) are linear functions, 

k =  a + br ,  K *  = A + B r  , 

function H will be 

( r,) q-N-in ~ • r + B - g -  + M .  
H = - -  2:Ia  r -t- ab  -1 

The boundary conditions give the flow as 

(4.6) 

For H we have 

2 ( H o  - -  H ~ - -  2 A  ( r  ~ - -  ro)  - -  B ( r  ~ - -  ro ~) 

I n  [r ~ (a -f- bro) l  - -  In  Ira (a -)- b r ~  (4.?) 

q , r ( a - ~ - b r  ~ B 
H = H  ~  A ( r - - r  ~  (4.8) 2 ~ a  r ~ (a ~, br)  -~- (r - -  r~ 

Formulas (a.?), (3.8), (8.16), (8.18), (4.4), (4.5), (4fl), (4.8) 
generalize the expressions for the underground hydrodynamics of 
a simple viscous liquid to the case of a viseoplastie medium. 

More complex inhomogeneous media, which may be called mixed, 
may be discussed for one-dimensional motion or for motion with 
central symmetry, as for media of types 2-8  or a-2, or combinations 
of these. 
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